Abstract. We construct a generalization of the Hasse invariant for any Shimura variety of PEL type A over a prime of good reduction, whose non-vanishing locus is the open and dense µ-ordinary locus.
Introduction
Let p be a prime and let S be the special fiber modulo p of a Shimura variety of PEL type. The classical Hasse invariant H is an automorphic form modulo p of weight p − 1 having the following properties (see [Gol13, §4] ): (Ha1) The non-vanishing locus of H is the ordinary locus of S. The Hasse invariant is the main tool to construct congruences modulo powers of p, both in the realm of automorphic forms and of Galois representations, see [Gol13] and [GN13] for a list of references. However, when the p-adic completion of the reflex field of the Shimura variety is strictly larger than Q p , the ordinary locus is empty and the Hasse invariant is identically zero. To fix this, we construct a generalized Hasse invariant satisfying analogues of properties (Ha1)-(Ha3) for any Shimura variety Sh(G, X) of PEL-type such that G is a group of unitary similitudes.
1.1. Main Results. Throughout this paper, fix an isomorphism ι : Q p ∼ −→ C. Suppose U = (B, V, * <, >,h) is a Kottwitz datum with associated Shimura variety Sh(G, X), such that the center of the simple Q-algebra B is a totally imaginary quadratic field extension F of a totally real field F + [Gol13, 3.1]. Suppose p is a prime of good reduction for U (see loc. cit. §3.3) and
Let p be a prime of E above p. Denote by sh K (p) ,p the special fiber of Sh K (p) at p. Let ω be the Hodge line bundle of sh K (p) ,p as defined in §2. Theorem 1.1. There exists an explicit integer m ∈ Z ≥1 and a section
satisfying the following three properties: Suppose π is a cuspidal automorphic representation of G(A) with v-adic component π v for every place v. Given a prime p, let P (p) be the set of primes v different from p such that π v is unramified and G is unramified at v. Let P (p) be the set of primes of F that are split over F + and lie over some
, with π w a representation of GL(n, F w ) and π v,rest a representation of G v,rest . Corollary 1.3. Suppose π is a cuspidal automorphic representation of G(A) whose archimedean component π ∞ is an X-holomorphic limit of discrete series representation of G(R) (see [Gol13, §2.3] ). Assume p is a prime of good reduction for U. Then there exists a unique semisimple Galois representation
satisfying the following two conditions: Gal1. If v ∈ P (p) and w is a prime of F dividing v then R p,ι (π) is unramified at w. In particular R p,ι (π) is unramified at all but finitely many places. Gal2. If w ∈ P (p) then there is an isomorphism of Weil-Deligne representations
w ), where W Fw is the Weil group of F w , the superscript ss denotes semi-simplification and rec is the Local Langlands Correspondence, normalized as in [HT01] .
Preliminaries on F -crystals and the Hodge filtration
where E ′ is a finite extension of E such that for every embedding τ : F ֒→ C, one has τ (F ) ⊂ E ′ . Let p be a prime of O E , and p ′ a prime of E ′ over p. Pick κ to be the smallest finite field containing all residue fields
• τ between complex embeddings τ : F ֒→ C and p-adic embeddings ι −1 • τ : F ֒→ Q p and we denote both simply by τ . After fixing an embedding W (κ) ֒→ C, there is further a bijection with embeddings of O F into W (κ) and also with homomorphisms Hom(O F , κ). The absolute Frobenius, noted σ, acts via composition on Hom(O F , κ).
Let T be the set of complex embeddings of F . Let r be the rank of B over F . Let S be a Spec(O E /p)-scheme and π :
A/S be the Hodge bundle i.e., the determinant of the pushforward of the sheaf of relative differentials on A. After extending scalars to κ, the Hodge bundle decomposes according to the embeddings τ ∈ T and the standard idempotents in M r (κ):
The Dieudonné crystal H 1 crys (A) also decomposes accordingly:
Similarly for de Rham cohomology, one has:
• denote the Hodge filtration on de Rham cohomology. Put Fil
is the signature corresponding to the conjugate pair of embeddings (τ, τ ).
Given τ ∈ T , define o τ to be the orbit of τ under the action of the absolute Frobenius σ.
Lemma 2.1. Let T = o τ be the orbit decomposition of T according to the action of Frobenius. Let M = H 1 crys (A). Then the Newton polygon of (M, F) is the Newton polygon NP(sh
) of the µ-ordinary locus (i. e. A is µ-ordinary) if and only if for all τ ∈ T the Newton polygon of M τ is the µ-ordinary polygon ord oτ (n, f).
.5] associates a polygon ord oτ (n, f), that we call the µ-ordinary polygon associated to o τ . Now suppose S = Spec k, where k is an algebraically closed field, so that A represents a geometric point of sh
Define the Hodge (resp. Newton) polygon of M τ to be the Hodge (resp. Newton) polygon of (M τ , F |oτ | ). Note that in general the Newton polygon of M τ does not depend on τ but the Hodge polygon does.
Lemma 2.2. Suppose the Newton polygon of M τ is the µ-ordinary polygon ord oτ (n, f). Then the Hodge polygon of M τ is ord oτ (n, f).
In particular, under the assumption of being µ-ordinary, the Hodge polygon of M τ depends only on the orbit o τ .
Proof. This follows from the proof of [Moo04, 1.3.7].
Suppose A is µ-ordinary. Combining Lemmas 2.1 and 2.2, both the Newton polygon and the Hodge polygon of M τ are equal to ord oτ (n, f). By the HodgeNewton decomposition [Kat79, 1.6.1], one can write
where M
[j]
τ is an isoclinic subcrystal of slope j.
Theorem 2.3. One has
τi .
Proof. By the explicit description of ord oτ (n, f), we see that the two sides of (2.2) have the same dimension. Hence it suffices to show the inclusion
To this effect, our main tool will be Mazur's theorem which we recall now. Proof. This is [Maz72, Th.3] in the special case of an abelian variety.
Th. 2.3 will now be proved as follows: Lemma 2.5-Cor. 2.9 are of a preparatory nature. The crux of the proof of Th. 2.3 is contained in Lemmas 2.10 and 2.11. Lemma 2.5. Suppose, for i ∈ {1, 2}, that (M i , F i ) is a W (k)-module which is an ordinary F i -crystal i. e., the Hodge and Newton polygons of (M i , F i ) coincide. Let ϕ : (M 1 , F 1 ) → (M 2 , F 2 ) be an isogeny, so in particular the Newton polygon of (M 1 , F 1 ) is the same as that of (M 2 , F 2 ). Let 0 ≤ λ 1 < · · · < λ s be the slopes of (M i , F i ) with multiplicities m 1 , . . . , m s . Let
is an isoclinic subcrystal of rank m j and slope λ j . Then
Proof. Since ϕ is an isogeny and M 1,j is a F 1 -subcrystal of M 1 , the image ϕ(M 1,j ) is an F 2 -subcrystal of M 2 . Since the Newton polygon is invariant under isogeny, (ϕ(M 1,j ), F 2 ) is isoclinic of slope λ j with multiplicity m j . Let M ′ denote the F 2 subcrystal of M 2 generated by ϕ(M 1,j ) and M 2,j . Then M ′ is isoclinic of slope λ j , so the rank of M ′ is m j . Since M 2 /M 2,j is free, we conclude that 
so Fil kM = {0}. Hencex = 0, so x ∈ pM . If k = 2 we are done. So assume k > 2 and write x = py, for some y ∈ M . Then F(x) = F(py) = pF(y) and
) and apply Lemma 2.7.
Corollary 2.9.
Proof. Applying Cor. 2.8 repeatedly k − 1 times gives F(x) ∈ pM . Then the conclusion follows from Mazur's theorem.
Lemma 2.10. The following inclusion holds:
, so the conclusion follows from Cor. 2.9.
Lemma 2.11. Let ν ∈ {0, 1, . . . , |o τ | − 1}. Then for all i ≤ |o τ | − ν, one has
Proof. The proof is by induction on ν. The case ν = 0 is Lemma 2.10. Suppose (2.7) holds up to ν − 1. Then we have (2.8) Fil
Let t 1 ≥ t 2 ≥ · · · ≥ t ν such that for all α, 1 ≤ α ≤ ν, one has σ tα τ i = τ jα and
By Cor. 2.9, we can subtract |o τ | − t − 1 from the exponents on both sides, thus obtaining:
we see by Mazur's theorem that
Since j 1 > |o τ | − ν, by the induction hypothesis and equality of dimensions, we have (2.13) Fil
On the other hand, by assumption,
. Since F t1 /p t1−ν is an isogeny, Lemma 2.5 implies that (2.14)
Therefore F t1 (x) ∈ p t1−ν+1 M τj 1 . Repeating the same argument with t 2 we obtain F t2 (x) ∈ p t2−ν+2 M τj 2 . Continuing in this way we finally arrive at F tν (x) ∈ p tν M τj ν and one last application of Cor. 2.9 yieldsx ∈ Fil 
Proof. Since the µ-ordinary locus sh
is open and dense [Wed99, Th.1.6.2], it suffices to prove the divisibility for every µ-ordinary geometric point A. By Lemma 2.2 we know that the Hodge polygon of M τi is ord oτ (n, f). Since the smallest slope of the Hodge polygon of ∧ di M τi is the sum of the d i smallest slopes of the Hodge polygon of M τi , the smallest slope of the Hodge polygon of
so the lemma follows from [Kat79, 1.2.1].
Lemma 3.2. The restriction of the map 
Therefore Lemma 3.2 is equivalent to showing that the restriction of ( 
